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The quantum steering ellipsoid of a two-qubit state is the set of Bloch vectors that Bob can
collapse Alice’s qubit to, considering all possible measurements on his qubit. We provide an ele-
mentary construction of the ellipsoid for arbitrary states, calculate its volume, and explain how this
geometric representation can be made faithful. The representation provides a range of new results,
and uncovers new features, such as the existence of “incomplete steering” in separable states. We
show that entanglement can be analysed in terms of three geometric features of the ellipsoid, and
prove that a state is separable if and only if it obeys a “nested tetrahedron” condition.
PACS numbers: 03.65.Ta, 03.67.Mn
The Bloch sphere provides a simple representation for
the state space of the most primitive quantum unit -
the qubit - resulting in geometric intuitions that are in-
valuable in countless fundamental information-processing
scenarios. The two-qubit system likewise constitutes the
primitive unit for bipartite quantum correlations. How-
ever, the two-qubit state space is 15-dimensional, with a
surprising amount of structure and complexity. As such,
it is challenging both to faithfully represent its states and
to acquire natural intuitions for their properties [1–3].
The phenomenon of steering was first uncovered by
Schrödinger [4] (and subsequently rediscovered by others
[5–7]), who realised that local measurements on Bob’s
side of the pure state |ψ〉AB could be used to “steer” Al-
ice’s state into any convex decompositions of her reduced
state ρA. Hence we say that for |ψ〉AB , steering is com-
plete within Alice’s Bloch sphere. For a two-qubit mixed
state ρ it is known [8] that the convex set of states that
Alice can be steered to is an ellipsoid EA, see Figure 1.
The purpose of this Letter is to show that this steer-
ing ellipsoid is the natural generalization of the Bloch
sphere picture, in that it can be used to give a faithful
representation of an arbitrary two-qubit state in three
dimensions, and moreover that the core properties of the
state and its correlations are made manifest in simple
geometric terms.
By adopting this representation we are led to a range
of novel results for both separable and entangled states.
Firstly, it reveals a new feature of separable quantum
states, called incomplete steering, where not all decom-
positions of ρA within the steering ellipsoid EA are acces-
sible. More importantly, the representation reveals sur-
prising structure in mixed state entanglement. We find
that mixed state entanglement decomposes into the sim-
ple geometric components of (a) the spatial orientation
of the ellipsoid, (b) its distance from the origin and (c)
its size. We are also lead to the surprising nested tetra-
hedron condition: a state is separable if and only if its
ellipsoid fits inside a tetrahedron that itself fits inside the
Bloch sphere.
FIG. 1. Ellipsoid representation of a two-qubit state.
For any two-qubit state ρ, the set of states to which Bob
can steer Alice forms an ellipsoid EA in Alice’s Bloch sphere,
containing her Bloch vector a. Bob’s Bloch vector b is also
shown.
The representation also provides unity and insight for
a range of distinct features. The nested tetrahedron con-
dition leads to a simple determination of the minimal
number of product states in the ensemble of any sep-
arable state. We note that the ellipsoid volume is an
entanglement criterion, and provide a formula for it in
terms of det(ρ) and det(ρTB ). Non-zero ellipsoid volume
is a type of correlation intermediate between discord and
entanglement.
Beyond these new insights, we also feel that this
method of compactly depicting any two-qubit state in
three dimensions should be of interest to a range of re-
searchers in both the theoretical and experimental quan-
tum sciences.
The Pauli basis. Let σµ = {1, σx, σy, σz}, µ = 0, 1, 2, 3
denote the “homogeneous Pauli basis". Any single-qubit
Hermitian operator Eˆ can be written Eˆ = 12
∑3
µ=0Xµσµ,
where the Xµ = tr(Eˆσµ) are components of the real vec-
tor X. Demanding that Eˆ ≥ 0 is equivalent to X0 ≥ 0
and X20 ≥
∑3
i=1X
2
i , and we can identify Eˆ as a POVM
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In a similar way, any two-qubit state ρ can be written
in the Pauli basis as ρ = 14
∑3
µ,ν=0 Θµνσµ ⊗ σν , where
Θµν = tr(ρσµ⊗σν) is real for all µ, ν. As a block matrix
we have Θ =
(
1 bT
a T
)
, where a, b are the Bloch vectors
of the reduced states ρA and ρB of ρ respectively, and
T is a 3 × 3 matrix encoding the correlations [2]. If
Bob does a POVM and obtains outcome Eˆ, he steers
Alice to the state proportional to trB(ρ(1 ⊗ Eˆ)), which
in the Pauli basis is given by the 4-vector 12ΘX, with
probability 12 (1 + b · x) where x = (X1, X2, X3)T .
The 4-vector formalism is related to the idea of
stochastic local operations and classical communication
(SLOCC) [1], which are operations of the form ρ→ ρ′ =
SA ⊗ SBρ(SA ⊗ SB)†, where SA, SB are invertible com-
plex matrices. The set of states attainable from ρ under
SLOCC is called the SLOCC orbit of ρ, and denoted
S(ρ). Under this action the matrix Θ transforms as
Θ′ = ΛAΘΛTB where ΛA(B) are proper orthochronous
Lorentz transformations (Appendix A). Significant in
what follows, for a SLOCC operation affecting only Bob
(Θ′ = ΘΛB) the set of states Alice is steered to is unaf-
fected, since: X is in the forward light cone if and only
if X ′ = ΛBX is, and Θ′X = ΘX ′.
Previously, in [8] a range of SLOCC techniques were
employed to study entanglement and steering for two-
qubit mixed states, however this approach encounters
problems when applied to certain separable states and
moreover is not suited to addressing the geometric fea-
tures of interest. The techniques developed here follow a
different line, and circumvent both of these issues.
Construction of the quantum steering ellipsoid. We
now provide an alternative construction of the steering
ellipsoid EA to that in [9], which applies even when EA is
degenerate.
Our construction of EA is easiest to understand in the
case when the state ρ has b = 0. For such a state, suppose
Bob projects his qubit onto the pure stateX =
(
1
x
)
with
x = 1. Given this outcome Alice is steered to
Y = ΘX =
(
1 0T
a T
)(
1
x
)
=
(
1
a+ Tx
)
, (1)
which occurs with probability 12 and where Alice’s Bloch
vector is now a+Tx. The set of all states Alice can end
up with is simply the unit sphere of possible x, shrunk
and rotated by T and translated by a, i.e. an ellipsoid
centred at a with orientation and semiaxes given by the
eigenvectors and eigenvalues of TTT . The ellipsoid di-
mension is rank(T ) = rank(Θ) − 1. Points inside the
ellipsoid can be reached via convex combinations of pro-
jective measurements, and conversely a POVM element
is a positive operator and so can be spectrally decom-
posed into a mixture of projectors, thus giving a point
within the ellipsoid.
Now consider a general state with b 6= 0. If b = 1 then
ρ is a product state in which case there is no steering and
the steering ellipsoid is the single point a. For the case
b < 1, we find that the SLOCC operator 1 ⊗ (2ρB)− 12
corresponds to a Lorentz boost Lb by a ‘velocity’ b that
transforms ρB to the maximally mixed state (which has
b = 0). We refer to this special filtered state ρ˜ as the
canonical state on the SLOCC orbit S(ρ). Since SLOCC
operations on Bob do not affect Alice’s steering ellipsoid,
the parameters of an arbitrary state’s steering ellipsoid
are obtained by simply boosting Θ by Lb and reading off
the ellipsoid parameters. This gives a steering ellipsoid
centred at cA = a−Tb1−b2 , with orientation and semiaxes
lengths si =
√
qi given (Appendix A) by the eigenvectors
and eigenvalues qi of the ellipsoid matrix
QA =
1
1− b2
(
T − abT )(1 + bbT
1− b2
)(
TT − baT ) .
(2)
To obtain EB , the ellipsoid at B, we simply perform
a swap of A and B, which corresponds to transposing
Θ and sends b → a,a → b, T → TT . Hence EA and
EB always have the same dimensionality, rank(Θ) − 1.
This completes the construction of the geometric data
(EA,a, b) for a given state ρ. Next, we describe the re-
verse direction: obtaining ρ from an ellipsoid EA and the
vectors a and b.
Reconstruction of ρ from geometric data. Given
a, b, EA = (QA, cA), to recover ρ we need T . In Ap-
pendix B we prove that this matrix is given by
T =
1
γ
(
γcAb
T +
√
QAO +
γ − 1
b2
√
QAObb
T
)
(3)
where O ∈ O(3) satisfies a = cA+
√
QAOb. This specifies
O up to a rotation O′ ∈ O(3) such that O′b = b. The
action of O′ can be encoded, for example, by a colouring
of EA as in [10]. In this way the steering ellipsoid can be
used as a faithful representation of ρ. O′ corresponds to
a local unitary and/or partial transpose on Bob’s system,
and so is irrelevant for any correlation properties such as
entanglement.
“Complete” and “incomplete" steering. The steering el-
lipsoid specifies which states Bob can steer Alice to. A
more subtle question is which decompositions of Alice’s
reduced state he can steer to. Clearly a necessary con-
dition is that all of the states in the decomposition must
be in EA, surprisingly however, it turns out that this is
not sufficient.
Consider some non-product two-qubit state with el-
lipsoids EA and EB . The following are equivalent (Ap-
pendix C):
1. (Complete steering of A) For any convex decompo-
sition of a into vectors in EA or on its surface, there
exists a POVM for Bob that steers Alice to it.
2. The affine span of EB contains the origin.
In particular, these conditions hold for all non-degenerate
ellipsoids (which includes all entangled states) as well as
all states where b = 0. However, complete steering is not
3symmetric: the state ρ = 12 (|00〉〈00|+ |+ 1〉〈+1|) has
complete steering of Alice by Bob, but not vice versa.
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3 (O
be
se
)
E
nt
.
&
C
om
p.
3 (O
be
se
)
Se
p.
&
C
om
p.
2 (P
an
ca
ke
)
Se
p.
&
In
co
m
p.
2 (P
an
ca
ke
)
Se
p.
&
C
om
p.
1 (N
ee
dl
e)
Se
p.
&
In
co
m
p.
FIG. 2. The classes of steering ellipsoids. Here Sep. =
“Separable", Ent. = “Entangled" labels they type of corre-
lation, while Incomp. = “Incomplete" and Comp.= “Com-
plete", labels the type of steering. The green dot is the re-
duced state in the respective Bloch sphere. States with EA
being 3-dimensional have non-zero volume (or simply "obe-
sity") and these are either entangled or separable. The state
ρ is separable if and only if EA fits inside a tetrahedron inside
the Bloch sphere of A. For separable states, the set EA can
also be 2-dimensional (a steering pancake), or 1-dimensional
(a steering needle), or trivially 0-dimensional (not shown).
For these cases, steering is either “complete" if all ensemble
decompositions of a in EA are attainable (when the span of
EB contains 121), otherwise the steering is “incomplete". Zero
discord occurs only for radial steering needles.
The three geometric contributions to entanglement.
The Peres-Horodecki criterion [11, 12] asserts that a two-
qubit state ρe is entangled if and only if ρTBe has a neg-
ative eigenvalue. Furthermore, it can be shown [9] that
at most one eigenvalue of ρTBe can be negative, and [13]
that ρTBe is full rank for all entangled states. Hence
det ρTBe < 0 is a necessary and sufficient for entangle-
ment.
Suppose ρ is entangled, then any state in its SLOCC
orbit S(ρ) is also entangled [9], including the canonical
state ρ˜ ∈ S(ρ). It follows that ρ is entangled if and only
if det(ρ˜TB ) < 0. However, the states ρ and ρ˜ share the
same EA, and so expanding det(ρ˜TB ) < 0 in the geometric
representation we find that ρ is entangled if and only if a
physical steering ellipsoid with centre c = cnˆ and matrix
Q satisfies
c4 − 2c2(1− trQ+ 2nˆTQnˆ) + h(Q) < 0, (4)
where h(Q) := 1−8√detQ+2 tr(Q2)−(tr(Q))2−2 tr(Q),
and we drop A,B labels as entanglement is a “symmet-
ric” relation. This equation is manifestly invariant under
global rotations, corresponding to local unitaries on the
quantum state, and shows that correlations between the
qubits manifest themselves in three geometric ways: (1)
the distance c of the ellipsoid centre from the origin, (2)
the size of the ellipsoid and (3) its “skew”, captured by
the term nˆTQnˆ, which reflects the alignment of the el-
lipsoid relative to the radial direction described by centre
unit vector nˆ.
The nested tetrahedron condition. The condition for
entanglement given by equation (4) provides a com-
pact algebraic condition for non-separability and uncov-
ers contributions from different geometric aspects. How-
ever, the representation captures the distinction between
separable and non-separable states in another elegant
way:
A two-qubit state ρ is separable if and only if
its steering ellipsoid EA fits inside a tetrahe-
dron that fits inside the Bloch sphere.
To prove necessity, suppose Alice and Bob share a sepa-
rable state ρ =
∑n
i=1 piαi⊗βi. Since we can always take
n ≤ 4 [14], the Bloch vectors of the αi define a (possibly
degenerate) tetrahedron T within Alice’s Bloch sphere.
Bob’s outcome Eˆ collapses Alice to
∑n
i=1
tr(Eˆβi)
tr(EˆρB)
piαi.
Hence her steered Bloch vector will be a convex combi-
nation of the Bloch vectors for the αi — in other words
her steering ellipsoid is contained in T .
We prove in Appendix D that the non-trivial converse
holds: any ellipsoid that fits inside a tetrahedron that
itself fits inside the Bloch sphere must arise from a sepa-
rable state, and thus the nested tetrahedron condition is
both necessary and sufficient for separability of the state.
This key geometric insight leads to some non-trivial
corollaries. For example, for any separable state ρ, the
minimal number of product states in an ensemble de-
composition ρ =
∑n
i=1 piαi ⊗ βi is n = rank(Θ). If
rank(Θ) = 1 we have a product state, and so n = 1,
4while if rank(Θ) = 2 we have that EA is a line segment
and we form a decomposition of ρ using the endpoints
of this segment, giving n = 2. The case rank(Θ) = 3 is
slightly more involved, but follows from any ellipse inside
a tetrahedron inside the unit sphere also lies inside a tri-
angle in the unit sphere (Appendix D, [15]). Finally it is
known [14] that any separable state can be written us-
ing 4 product states, which covers the case rank(Θ) = 4.
Combining this with the above results on complete steer-
ing provides a natural geometrical classification of two
qubit states, as in Fig. 2.
Quantum discord and ellipsoid orientation. Quan-
tum discord has received much attention as a measure
of the quantumness of correlations (see [16] for details)
in which zero discord for one party roughly corresponds
to them possessing a non-disturbing projective measure-
ment. Within the geometric representation it is readily
seen that ρ has zero discord for A if and only if EA degen-
erates to a radial line segment, while ρ has zero discord
forB if and only if EA is one-dimensional and b = 2|cA−a|lA ,
where lA is the length of EA (Appendix E).
To illustrate the effect of the alignment of EA on the
entanglement and discord of a state, we can consider
a one-parameter family of states of the form ρ(θ) =
1
4
(
1 + 12σz ⊗ 1 +
∑
ij Tij(θ)σi ⊗ σj
)
, for which the el-
lipsoid skew varies smoothly with θ while maintaining
a constant volume for EA. Specifically, we have that
T (θ) = Ry(θ)KR
T
y (θ) =
√
QA(θ), and so Ry(θ) ∈ SO(3)
generates states with inequivalent correlations via ro-
tation of the steering ellipsoid around its own centre
cA = (0, 0,
1
2 )
T , note that this “internal rotation" is dis-
tinct from a global rotation generated by a local unitary
on the state. We choose K = diag(− 920 ,− 310 ,− 310 ) so
that ρ(θ) ≥ 0, for all θ ∈ [0, pi). This family of states illus-
trates opposing behavior of the discord and concurrence
as a function of θ, see Fig. 3. The entanglement favors
an orientation in which the longest semiaxis is aligned
(radial) with cA at the point θ = pi/2, while discord is
maximised when the short semiaxis is radial, at θ = 0, pi
[17]
Volume of the ellipsoid. The expression for the vol-
ume of EA provides a compact and non-trivial relation
between the steering properties of ρ and the ranks of ρ
and ρTB . The volume of any ellipsoid is proportional
to the product of its semiaxes V = 4pi3 s1s2s3. There-
fore EA has volume VA = 4pi3
√
detQA using the ellip-
soid matrix in equation (2), which may be rewritten as
VA =
4pi
3
|detΘ|
(1−b2)2 . However, it turns out (Appendix F)
that detΘ = 16(detρTB − detρ), therefore
VA =
64pi
3
∣∣det ρ− det ρTB ∣∣
(1− b2)2 . (5)
The EB volume follows from VA via the simple relation
VB =
(1−b2)2
(1−a2)2VA.
The ellipsoid volume is a non-linear entanglement cri-
terion. Specifically, the Werner state on the separable-
FIG. 3. Discord (solid) and concurrence (dotted) of the state
ρ(θ) as a function of the orientation θ of the ellipsoid. Entan-
glement is maximized when the major axis is radial.
entangled boundary has EA being the maximal sphere
volume V? = 4pi/81 inscribed inside the largest possible
tetrahedron that can be inscribed inside the unit sphere
[19]. We immediately deduce that any state with EA that
has volume V > V? must be entangled. Note that entan-
gled states can have V ≤ V?.
Since V > V? can only be attained by entangled states,
whilst zero discord states have one-dimensional (degener-
ate) ellipsoids, we see that non-zero volume, or “obesity”,
is strictly stronger than discord but strictly weaker than
entanglement.
Conclusion. The quantum steering ellipsoid provides
a faithful representation of any two-qubit state and a
natural geometric classification of states. It yields clear
and intuitive understanding into the usual key aspects of
two-qubit states, uncovers surprising new features (such
as the nested tetrahedron condition, skew and obesity,
and incomplete steering) while prompting novel ques-
tions, such as: can we use (4) to define a class of “least-
classical” separable states for fixed (a, b, c)? Can we use
the nested tetrahedron condition to provide a simple con-
struction for the best separable approximation [22] for
a state ρ? What is the geometric characterisation of
the possible steering ellipsoids for an arbitrary two-qubit
state? This would potentially be useful when using el-
lipsoids to visualize the results of two-qubit state tomog-
raphy. In Appendix H we have provided a discussion
of several extensions of this work, beyond the two-qubit
scenario to higher dimensional systems.
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Appendix A: The steering ellipsoid for a general two
qubit state
Previous approaches to representing two qubit states
have included partitioning the set of all two qubit states
into SLOCC (Stochastic Local Operations and Classical
Communication) equivalence classes [1], which results in
a three dimensional representation of a state ρ through
its SLOCC orbit, defined as
S(ρ) :=
{
SA ⊗ SBρ(SA ⊗ SB)†
tr(SA ⊗ SBρ(SA ⊗ SB)†) : SA, SB ∈ GL(2,C)
}
with GL(2,C) the group of invertible, complex 2 × 2
matrices. However replacing ρ with its SLOCC orbit is
far from faithful, and amounts to a highly coarse-grained
representation of the state that erases much of its detail.
Another approach is to start with a Pauli basis expan-
sion of ρ, which can be converted via a state-dependent
choice of local unitaries on both qubits, to a representa-
tion involving three spatial vectors [12]. Again, this is
still not a faithful representation, and more importantly
it is extremely difficult to develop any intuition for what
the vector representing correlations actually means.
In this section we provide the details for constructing
the steering ellipsoid representation of an arbitrary two
qubit quantum state.
Consider a two-qubit state
Θ =
(
1 bT
a T
)
. (A1)
The matrix Θ transforms, up to a normalization,
under SLOCC operations ρ′ = SA ⊗ SBρ(SA ⊗ SB)†
as Θ′ = ΛAΘΛTB [9] where ΛA,ΛB are proper or-
thochronous Lorentz transformations given by ΛW =
ΥSW ⊗ S∗WΥ†/|detSW |, W ∈ {A,B} and
Υ =
1√
2
1 0 0 10 1 1 00 i −i 0
1 0 0 −1
 . (A2)
6In particular, local unitaries rotate the Pauli basis: a→
OAa, b→ OBb, T → OATOTB , where OA, OB ∈ SO(3).
If b = 1 then Θ must be a product state and no steering
can occur, so assume otherwise. Define γ = 1/
√
1− b2,
and the “canonical” filtered state
Θ˜ = γΘLb, (A3)
where Lb is a Lorentz boost by b [23]:
Lb =
(
γ −γbT
−γb 1 + γ−1b2 bbT
)
. (A4)
The γ in (A3) ensures that Θ˜ is normalized: the top-
left element is
γ
(
1 bT
)( γ
−γb
)
= γ2(1− b2) = 1. (A5)
This particular boost is special as it leaves Bob’s re-
duced state is maximally mixed: the top-right block of
Θ˜ is
γ
(
1 bT
)( −γbT
1 + γ−1b2 bb
T
)
=
γ(−γbT + bT + (γ − 1)bT ) = 0T . (A6)
By the above two observations we can write
Θ˜ =
(
1 0T
a˜ T˜
)
. (A7)
The set of states Bob can steer Alice to will be exactly
the same for Θ and any Θ′ = ΘΛB (this includes the
special case ΛB = γLb): Y = 12ΘX ⇐⇒ Y = 12Θ′X ′
where X ′ = Λ−1B X. When X,X
′ are viewed as 4-vectors
in Minkowski space, then X corresponds to a positive
operator iff X ′ does because Λ−1B preserves the forward
light cone.
In the instance when Alice and Bob share the canon-
ical state, Θ′ = Θ˜, what is the set of states that Alice’s
qubit can be steered to? Writing X =
(
t
x
)
we see that
without loss of generality we can take t = 1 since the
effect of multiplying X by a positive number is undone
when normalizing Y . Hence the positivity condition be-
comes x ≤ 1. If x < 1 then we could write X as a convex
combination of ones with x = 1, so we restrict our at-
tention to the latter case. So any state y that Bob can
steer Alice to is a convex combination of states of the
form y = a˜ + T˜x with x = 1. But this defines a linear
image of the unit sphere of all x displaced by a˜, or in
other words an ellipsoid with centre cA = a˜.
Consider the singular value decomposition T˜ =
O1DO2. O2 simply rotates and/or reflects the unit
sphere of all x and so can be ignored when thinking
about the ellipsoid properties. D rescales the sphere
and thus gives the lengths of the semi-axes of the re-
sulting ellipsoid. O1 rotates the semi-axes. We have
T˜ T˜T = O1D
2OT1 and so the lengths of the semi-axes can
also be found by square rooting the eigenvalues of T˜ T˜T
whilst their directions can be found from its eigenvectors.
Combining (A3) with (A7) we find
a˜ = γ
(
a T
)( γ
−γb
)
= γ2(a− Tb) := cA, (A8)
T˜ = γ
(
a T
) (−γbT1 + γ−1b2 bbT ) (A9)
= γ
(
−γabT + T + γ − 1
b2
TbbT
)
. (A10)
And so, after some algebra,
T˜ T˜T = γ2(TTT − aaT ) + a˜a˜T . (A11)
Using −abT (1 + γ−1b2 bbT ) = −γabT we can also write
T˜ = γ
(
T − abT )(1 + γ − 1
b2
bbT
)
(A12)
leading to the form in the main text:
T˜ T˜T = γ2(T − abT )(1 + γ2bbT )(TT − baT ) =: QA
(A13)
Since γLb is invertible we have rank(Θ˜) = rank(Θ). By
counting linearly independent columns in (A7) we have
rank(Θ˜) = rank(T˜ ) + 1 thus proving that the dimension
of the ellipsoid is rank(Θ)− 1.
Appendix B: Reconstructing the state from its
steering ellipsoid and the Bloch vectors
We will need the following simple property of orthog-
onal matrices.
Lemma 1. Suppose O1, O2 ∈ O(n), P is a projector and
b a vector, with
PO1b = PO2b. (B1)
Then there exists a O3 ∈ O(n) with
O3b = b (B2)
and
PO1O3 = PO2. (B3)
Proof. Denote Q = 1 − P . Notice that ‖O1b‖ = ‖b‖ =
‖O2b‖ and ‖PO1b‖ = ‖PO2b‖ by equation (B1). Since
‖v‖2 = ‖Pv‖2 + ‖Qv‖2 for any v, we have ‖QO1b‖ =
‖QO2b‖. Hence there exists an O4 ∈ O(n) that acts
trivially in the support of P , i.e. PO4 = O4P = P , and
sends QO2b to QO1b. Define
O3 = O
T
1 O4O2. (B4)
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PO1O3 = PO1O
T
1 O4O2 = PO4O2 = PO2 (B5)
as required, and
O3b = O
T
1 O4O2b = O
T
1 (P +Q)O4(P +Q)O2b
= OT1 (PO4P + PO4Q+QO4P +QO4Q)O2b =
OT1 (P
2+PQ+QP+QO4Q)O2b = O
T
1 (P+QO4Q)O2b
(B6)
since P and Q are orthogonal projectors. Using equa-
tion (B1) and O4QO2b = QO1b we find
O3b = O
T
1 (P +Q
2)O1b = O
T
1 (P +Q)O1b = O
T
1 O1b = b
(B7)
as required.
Suppose we know EA (i.e. QA and cA) and the Bloch
vectors a, b for some two-qubit state Θ. Defining Θ˜ as the
canonical state, equation (A7) in section A, we know that
a˜ = cA and T˜ T˜T = QA from equations (A8) and (A13)
respectively. Hence T˜ =
√
QAO1 for someO1 ∈ O(3). By
inverting the Lorentz boost Θ = 1γ Θ˜L−b (c.f. equation
(A3)) we see that O1 must satisfy a = cA +
√
QAO1b.
Working out the inverted form of T leads to the equation
(3) given in the main text.
We now show that if we choose T˜ ′ =
√
QAO2 for an ar-
bitrary O2 ∈ O(3) satisfying a = cA+
√
QAO2b then the
“reconstructed” two-qubit state Θ′ differs at most from
Θ by a local unitary and/or partial transpose on Bob’s
qubit. (Since entangled two-qubit states have negative
partial transpose, they do not in fact have the partial
transpose ambiguity.)
Since
√
QAO1b =
√
QAO2b we have POb = PO′b
where P projects onto the support of QA. Hence we can
apply Lemma 1 to obtain a third rotation O3 ∈ O(n). Let
s(·) =
(
1 0T
0 ·
)
denote its argument acting on the spa-
tial part of space-time. Spatial rotations about a direc-
tion commute with boosts in that direction, and so equa-
tion (B2) gives L−bs(O3) = s(O3)L−b. Furthermore,
equation (B3) gives T˜O3 =
√
QAO1O3 =
√
QAO2 = T˜
′.
Hence
Θs(O3) = Θ˜
L−b
γ
s(O3) =
(
1 0T
a˜ T˜O3
)
L−b
γ
=
(
1 0T
a˜ T˜ ′
)
L−b
γ
= Θ˜′
L−b
γ
= Θ′. (B8)
Since O3 = OB∆ where OB ∈ SO(3) and ∆ is either
the identity matrix or diag(1,−1, 1) (the action of the
transpose on Bob in the Pauli basis), we have the desired
local unitary.
To remove all ambiguity we need to display the ad-
ditional information in O3 on the ellipsoid, and this is
possible if we depict (ideally in the centre of the ellip-
soid) the image of the three principal axes under O3.
Alternatively we could use a colouring scheme such as
that proposed in [10]. Together with the steering ellip-
soid and Bloch vectors this gives a faithful representation
any two qubit state using three dimensional objects. But
since the ambiguity in O3 is merely a choice of local ba-
sis for Bob, all correlation properties can be found solely
from the steering ellipsoid and Bloch vectors, and some
properties (such as separability) are fixed by the ellipsoid
alone.
Appendix C: Proof of the complete steering theorem
We present an extended formulation of the theorem:
Theorem Consider some non-product two-qubit state
Θ =
(
1 bT
a T
)
with ellipsoids EA and EB . The following
are equivalent:
1. Complete steering: for all convex decompositions of
a into states in EA, there exists a POVM for Bob
that steers Alice to it.
2. Any surface steering: there exists a convex decom-
position of a into states on the surface of EA with
a POVM for Bob that steers Alice to it.
3. Alice’s Bloch vector lies on the surface of her ellip-
soid scaled down by b.
4. The affine span of EB contains the maximally mixed
state.
5.
(
1
0
)
∈ range(ΘT ).
6.
(
1
0
)
∈ ker(Θ)⊥.
Proof. Preliminaries From section A: Θ = Θ˜L−bγ and so
6 is equivalent to
(
1
b
)
∈ ker(Θ˜)⊥. Inspecting equa-
tion (A7) we see that any vector in ker(Θ˜) is of the
form
(
0
r
)
with r ∈ ker(T˜ ) and so 6 is equivalent to
b ∈ ker(T˜ )⊥.
EA are the points that can be written a˜ + T˜x where
x ≤ 1. Therefore the surface of EA are the points that
can be written a˜ + T˜x where x = 1 and x ∈ ker(T˜ )⊥.
Hence the scaled down surface is a˜ + T˜x where x = b
and x ∈ ker(T˜ )⊥.
From Θ = Θ˜L−bγ we calculate that a = a˜+ T˜b.
1 =⇒ 2: Trivial.
2 =⇒ 6: Let yi on the surface of EA form a con-
vex decomposition
∑
i piyi = a. Since they are on
the surface, we have yi = a˜ + T˜xi where xi = 1 and
8xi ∈ ker(T˜ )⊥. Suppose we also have yi = a˜ + T˜x′i
with x′i ≤ 1. Then xi − x′i ∈ ker(T˜ ), and the only way
that the difference between two vectors can be perpen-
dicular to the longer one is if they are equal. There-
fore 2pi
(
1
xi
)
is the unique element of the forward light
cone that 12 Θ˜ maps to pi
(
1
yi
)
, and therefore γLb times
these form the only possible POVM elements for Bob.
But to be a valid POVM, they must sum to the identity(
2
0
)
, i.e.
∑
i 2pi
(
1
xi
)
= L−bγ
(
2
0
)
= 2
(
1
b
)
. Since the
xi ∈ ker(T˜ )⊥, this implies b ∈ ker(T˜ )⊥ which is equiva-
lent to 6.
6 =⇒ 1: Let yi ∈ EA form a convex decomposition∑
i piyi = a. Since yi ∈ EA we have yi = a˜ + T˜xi
where xi ≤ 1. Write xi = ki + ci where ki ∈ ker(T˜ )
and ci ∈ ker(T˜ )⊥. This implies ci ≤ xi ≤ 1 and
yi = a˜ + T˜ci. So 2pi
(
1
ci
)
are in the forward light
cone and map to pi
(
1
yi
)
under 12 Θ˜. Hence γLb times
these are in the forward light cone and map to pi
(
1
yi
)
under 12Θ. Since
∑
i piyi = a = a˜ + T˜b we have
T˜
∑
i pici = T˜b. By construction ci ∈ ker(T˜ )⊥ and by
assumption b ∈ ker(T˜ )⊥, and so this implies∑i pici = b.
Then
∑
i γLb2pi
(
1
ci
)
= 2γLb
(
1
b
)
=
(
2
0
)
so we have a
valid POVM.
6 =⇒ 3: Immediate from form of scaled down EA and
a in preliminaries.
3 =⇒ 6: If a is on the scaled down surface then a˜ +
T˜x = a˜ + T˜b where x = b and x ∈ ker(T˜ )⊥. Hence
x−b ∈ ker(T˜ ). The only way the difference between two
vectors of the same length can be perpendicular to one
of them is if they are the same, and so 6 follows.
4 =⇒ 5: Suppose∑ qivi = 0,∑ qi = 1 (but q can be
negative) with vi ∈ EB . Recalling that swapping parties
sends Θ→ ΘT we see that there exists a POVM element
Ui in the forward light-cone with
(
1
vi
)
= 12Θ
TUi. But
then ΘT 12
∑
i qiUi =
∑
i qi
1
2Θ
TUi =
∑
i qi
(
1
vi
)
=
(
1
0
)
.
5 =⇒ 4: Suppose there exists a 4-vector U with
1
2Θ
TU =
(
1
0
)
. If U =
(
t
u
)
is in the forward light
cone (i.e. t ≥ u) then EB itself contains the maximally
mixed state and we are done. Otherwise, notice that
U1 =
(
u− t
0
)
and U2 =
(
u
u
)
are in the forward light
cone. Writing 12Θ
TUi as qi
(
1
vi
)
we have vi ∈ EB . Not-
ing that U =
∑
i Ui we have
∑
i
1
2Θ
TUi =
(
1
0
)
, in other
words
∑
i qi = 1 and
∑
i qivi = 0.
5 ⇐⇒ 6: For any matrix A, range(AT ) = ker(A)⊥ is a
theorem of linear algebra, which follows straightforwardly
from the singular value decomposition.
Appendix D: Steering ellipsoids in a tetrahedron in
the Bloch sphere correspond to separable states
We prove that for any EA inside a tetrahedron inside
Alice’s Bloch sphere, there is a separable state with ρB =
1
2 I and EA is steering ellipsoid for qubit A. For the sake of
brevity we drop the label A for the ellipsoid so that EA ≡
E . We present the proofs for each possible dimension of E
separately, although each one is basically a slightly more
involved version of the previous one. Note that in the 0
and 1 dimensional cases the requirement to fit inside a
tetrahedron is trivially satisfied by any E inside the Bloch
sphere.
This result suffices to show that any state with an el-
lipsoid that fits inside a tetrahedron is separable by the
following argument. Suppose ρ has an ellipsoid for Alice
(which can be degenerate) that fits inside the tetrahe-
dron. If b = 1 then ρ is a product state and we are done.
Otherwise, apply a SLOCC operator to Bob and obtain
ρ˜ with b = 0, recalling that SLOCC operators cannot
change a state from being entangled to separable. This
will leave Alice’s ellipsoid E unchanged whilst moving her
reduced state to the centre of her ellipsoid. Since by the
above statement there exists a separable state with the
correct ellipsoid at A and reduced states, ρ˜ must equal
this separable state up to a choice of basis for Bob (see
section B), and hence must itself be separable,
In fact the separable states constructed below use a
number of product states equal to the dimension of the
ellipsoid plus one. Since the SLOCC operator and choice
of basis for Bob do not affect the number of product
states in a decomposition, we furthermore have that ρ
can be built using that number of product states.
1. 0-dimensional
If the steering ellipsoid is a single point r then simply
take ρA with Bloch vector r and let ρ = ρA ⊗ 12 I.
2. 1-dimensional
Suppose E is a line segment from r0 to r1. Take ρi
with Bloch vectors ri and let ρ = 12
∑
i ρi ⊗ |i〉〈i|.
3. 2-dimensional
If an ellipse fits inside a tetrahedron in the Bloch
sphere, it also fits inside a triangle in the Bloch sphere
9[15]. Therefore, suppose an ellipse E fits within a trian-
gle in the Bloch sphere whose vertices are {r0, r1, r2}.
Without loss of generality we can take the ellipse to be
tangent to each edge of the triangle, at points {si} where
si is on the face opposite to ri. Denote the centre of the
ellipse by c. Clearly there exists unique pi ≥ 0 such that∑
i piri = c and
∑
i pi = 1.
By the definition of an ellipse, there is an invertible
affine transformation A that maps E to the unit circle
in the (x, z)-plane, centred at the origin. Let ρi have
Bloch vectors ri and|ψi〉 be such that the Bloch vector
of |ψi〉〈ψi| is −A(si). We claim that the (manifestly sep-
arable) state
ρ =
∑
i
piρi ⊗ |ψi〉〈ψi| (D1)
has ρB = 121 and that Alice’s steering ellipsoid for this
state is E . To prove the first part, notice that the Bloch
vector of ρB is −
∑
i piA(si). Since A is affine, the unit
circle will be tangent to the triangle with vertices {A(ri)}
at the points {A(si)}, and
∑
i piA(ri) = A(c) = 0.
Hence it suffices to prove
Lemma 2. Suppose the triangle with vertices {vi} con-
tains the unit circle centred at the origin, and the cir-
cle is tangent to each edge of the triangle at the points
{ti} (where ti is on the edge opposite vi). Fix pi by the
requirements that
∑
i pivi = 0 and
∑
i pi = 1. Then∑
i piti = 0.
Proof. We use x to represent points on or within the
tetrahedron using normalized barycentric co-ordinates
(x0, x1, x2) where
∑
i xi = 1 and ~x =
∑
i xivi. Let A0
be the area of the triangle with vertices {x,v1,v2}, A1
be the area of the triangle with vertices {v0,x,v2} and
similarly for A2. Let A be the area of the original trian-
gle (notice A =
∑
iAi). Then xi = Ai/A. By definition
the barycentric co-ordinates of the origin are (p0, p1, p2).
Let Li be the length of the edge opposite vi, and let
L =
∑
i Li. By using that the area of a triangle =
1
2
(base) × (perpendicular height) and noting that by the
tangency assumption the relevant triangles have a per-
pendicular height of 1, we obtain that pi = Li/L.
LetM (1)0 = |v0 − t1|,M (2)0 = |v0 − t2|. In factM (1)0 =
M
(2)
0 because they are both the unique length defined by
the requirement of being from a fixed point to a point
on the circle such that the line between them is tangent
to the sphere, so we can write this length simply as M0.
Define the other two Mi by a similar argument. All this
is illustrated in Figure 4. Notice that
L0 = M1 +M2, (D2)
L1 = M0 +M2, (D3)
L2 = M0 +M1, (D4)
(D5)
The barycentric co-ordinates of t0, t1 and t2 can now be
calculated as
(0,M2,M1)/L0, (D6)
t0
v0
L0
M1
M2
t1
v1
L1
M2
M0
t2
v2
L2
M0 M1
0
FIG. 4. The various quantities used in proving Lemma 2. The
dashed lines form the three triangles used to show pi = Li/L,
the dotted lines indicate their perpendicular heights (which
are equal to the radius of the circle: 1).
(M2, 0,M0)/L1, (D7)
and
(M1,M0, 0)/L2, (D8)
respectively. Using pi = Li/L and the fact that barycen-
tric coordinates respect convex combinations the required
result is now immediate.
Suppose Bob projects his qubit onto |ψ〉 and the or-
thogonal state. Since ρB = 121 he will obtain each out-
come with probability 12 . Therefore if he obtains the |ψ〉
outcome then Alice’s state will be
ρA(|ψ〉) := trB(ρ(1⊗ |ψ〉〈ψ|))
tr(ρB |ψ〉〈ψ|) (D9)
=
∑
i piρi |〈ψi|ψ〉|2
1
2
(D10)
= 2
∑
i
piρi |〈ψi|ψ〉|2 (D11)
Recalling that the Bloch vector of |ψi〉〈ψi| is −A(si),
then if |ψ〉〈ψ| has Bloch vector r then the Bloch vector
of ρA(|ψ〉) will be
f(r) := 2
∑
i
piri
1− r · A(si)
2
=
∑
i
piri (1− r · A(si)) .
(D12)
Let us extend this expression to all r to define an affine
function f . The statement that Alice’s steering ellipsoid
is E is equivalent to the statement that E is the image
of the unit sphere under f . Since all the A(si) are in
the (x, z)-plane, we have f ((0, 1, 0)) = f(0), i.e. we can
think of f as first projecting onto the (x, z)-plane and
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then applying some affine transformation. The image of
the unit sphere under that projection is the unit disc,
and so it suffices to check that E is the image of the
unit circle under f . Define g(r) = A(f(r)). Since A is
invertible and maps E to unit circle it suffices to prove
that g is the identity on the (x, z)-plane. Since g is the
composition of two affine functions it is also affine. By
the definition of the pi, g(0) = A(c) = 0 so g is in fact
linear. Hence it suffices to check that g(uj) = uj for some
spanning set of vectors {uj}. Since the triangle cannot
be degenerate, its vertex set {rj} span some plane. Since
A is invertible, {A(rj)} must span the (x, z) plane. For
i 6= j, {0,A(si),A(rj)} form a right-angle triangle, and
|A(si)| = 1. Therefore A(rj) · A(si) = 1 whenever i 6= j.
But
∑
i pi(1 − r · A(si)) =
∑
i pi − r · (
∑
i piA(si)) =
1−r ·0 = 1 (the penultimate equality is from Lemma 2).
Hence pi(1−A(rj) · A(si)) = δij and we are done.
4. 3-dimensional
Suppose an ellipsoid E fits within a tetrahedron in the
Bloch sphere whose vertices are {r0, r1, r2, r3}. Without
loss of generality we can take the ellipsoid to be tangent
to each face of the tetrahedron, at points {si} where si
is on the face opposite to ri. Denote the centre of the
ellipsoid by c. Clearly there exists unique pi ≥ 0 such
that
∑
i piri = c and
∑
i pi = 1.
By the definition of an ellipsoid, there is an invertible
affine transformation A that maps E to the unit sphere
centred at the origin. Let ρi have Bloch vectors ri and
|ψi〉 be such that the Bloch vector of |ψi〉〈ψi| is −A(si).
We claim that the (manifestly separable) state
ρ =
∑
i
piρi ⊗ |ψi〉〈ψi| (D13)
has ρB = 121 and that Alice’s steering ellipsoid for this
state is E . To prove the first part, notice that the Bloch
vector of ρB is −
∑
i piA(si). Since A is affine, the unit
sphere will be tangent to the tetrahedron with vertices
{A(ri)} at the points {A(si)}, and
∑
i piA(ri) = A(c) =
0. Hence it suffices to prove the following 3-dimensional
analogue to Lemma 2:
Lemma 3. Suppose the tetrahedron with vertices {vi}
contains the unit sphere centred at the origin, and the
sphere is tangent each face of the tetrahedron at the points
{ti} (where ti is on the face opposite vi). Fix pi by the
requirements that
∑
i pivi = 0 and
∑
i pi = 1. Then∑
i piti = 0.
Proof. We use x to represent points on or within the
tetrahedron using normalized barycentric co-ordinates
(x0, x1, x2, x3) where
∑
i xi = 1 and ~x =
∑
i xivi.
Let V0 be the volume of the tetrahedron with vertices
{x,v1,v2,v3}, V1 be the volume of the tetrahedron with
vertices {v0,x,v2,v3} and so on. Let V be the volume
of the original tetrahedron (notice V =
∑
i Vi). Then
xi = Vi/V . By definition the barycentric co-ordinates of
the origin are (p0, p1, p2, p3).
Let Ai be the area of the face opposite vi, and let
A =
∑
iAi. By using that the volume of a tetrahedron =
1
3 (area of base) × (perpendicular height) and noting that
by the tangency assumption the relevant tetrahedra have
a perpendicular height of 1, we obtain that pi = Ai/A.
Let A(0)23 be the area of the triangle with vertices
{v2,v3, t0}. Let A(1)23 be the area of the triangle with ver-
tices {v2,v3, t1}. Now we have that |v2 − t0| = |v2 − t1|
because they are both the unique length defined by the
requirement of being from a fixed point to a point on
the sphere such that the line between them is tangent
to the sphere. Similarly |v3 − t0| = |v3 − t1|. Hence
the two triangles are congruent and we can simply write
their areas as A23. Define the other five Aij by a similar
argument. Notice that
A0 = A12 +A13 +A23, (D14)
A1 = A02 +A03 +A23, (D15)
A2 = A01 +A03 +A13, (D16)
A3 = A01 +A02 +A12. (D17)
The barycentric co-ordinates of t0, t1, t2 and t3 can now
be calculated as
(0, A23, A13, A12)/A0, (D18)
(A23, 0, A03, A02)/A1, (D19)
(A13, A03, 0, A01)/A2, (D20)
and
(A12, A02, A01, 0)/A3 (D21)
respectively. Using pi = Ai/A and the fact that barycen-
tric coordinates respect convex combinations the required
result is now immediate.
As in the 2-dimensional case we find that if Bob
projects onto the state with Bloch vector r then Alice’s
Bloch vector is
f(r) :=
∑
i
piri (1− r · A(si)) . (D22)
Let us extend this expression to all r to define an affine
function f . The statement that Alice’s steering ellipsoid
is E is equivalent to the statement that E is the image of
the unit sphere under f . Define g(r) = A(f(r)). Since A
is invertible and maps E to unit sphere it suffices to prove
that g is the identity. Since g is the composition of two
affine functions it is also affine. By the definition of the
pi, g(0) = A(c) = 0 so g is in fact linear. Hence it suffices
to check that g(uj) = uj for some spanning set of vectors
{uj}. Since the tetrahedron cannot be degenerate, its
vertex set {rj} must be spanning. Since A is invertible,
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{A(rj)} is also spanning. As in the 2-dimensional case,
for i 6= j, {0,A(si),A(rj)} form a right-angle triangle,
and |A(si)| = 1. Therefore A(rj) · A(si) = 1 whenever
i 6= j. But∑i pi(1−r·A(si)) = ∑i pi−r·(∑i piA(si)) =
1−r ·0 = 1 (the penultimate equality is from Lemma 3).
Hence pi(1−A(rj) · A(si)) = δij and we are done.
Appendix E: Discord and steering ellipsoids
Below we outline the condition for zero discord for Al-
ice from either her or Bob’s ellipsoid.
A state has zero discord for Alice iff her ellip-
soid degenerates to a segment of a diameter.
The “only if” part: A general zero discord state for
Alice ρ = p|e〉〈e| ⊗ ρ0 + (1 − p)|e¯〉〈e¯| ⊗ ρ1 has 〈e|e¯〉 = 0
and
a = te (E1)
b = x (E2)
T = eyT (E3)
where t = 2p − 1, e = 〈e|σ|e〉 and x =
tr [(pρ0 + (1− p)ρ1)σ], y = tr [(pρ0 − (1− p)ρ1)σ] [24].
Alice’s steering ellipsoid EA has centre cA =
(
t−x·y
1−x2
)
e
and matrix QA = s2Aee
T with
s2A =
1
1− x2
[
(y − tx)T
(
1 +
xxT
1− x2
)
(y − tx)
]
(E4)
So EA is a segment of the diameter.
The “if” part: suppose we are given EA, a segment of
the diameter. Denote the states endpoints of the ellipsoid
ρ0 and ρ1. Alice’s state can always be decomposed as
ρA = qρ0 +(1−q)ρ1. However since all the Bloch vectors
of ρA, ρ0, ρ1 are collinear they will eigendecompose into
the same pair of orthogonal states, call them |ψ〉, |ψ¯〉.
Writing ρi = pi|ψ〉〈ψ| + (1 − pi)|ψ¯〉〈ψ¯|, for i = 0, 1 then
ρA = p|ψ〉〈ψ| + (1 − p)|ψ¯〉〈ψ¯| with p = qp0 + (1 − q)p1.
Then the joint state
ρ = p|ψ〉〈ψ| ⊗ β0 + (1− p)|ψ¯〉〈ψ¯| ⊗ β1 (E5)
is a zero discord state for Alice with the correct EA and
ρA for any mixed states on Bob’s side β0, β1.
There is zero discord for Alice iff Bob’s el-
lipsoid degenerates to a line segment and the
length of Alice’s Bloch vector is equal to the
distance from the centre of Bob’s ellipsoid to
his Bloch vector divided by the radius of his
ellipsoid.
The “only if” part can easily be checked: it requires
a = |cB−b|sB . Since, after some algebra,
cB =
x− ty
1− t2 (E6)
QB =
1
(1− t2)2 (y − tx)(y − tx)
T (E7)
then |cB − b| = t|y−tx|1−t2 = asB .
For the “if” part, let ρ0 and ρ1 be the endpoints of
Bob’s ellipsoid, and let the state corresponding to Alice’s
Bloch vector have eigendecomposition ρA = p0|ψ0〉〈ψ0|+
p1|ψ1〉〈ψ1|. Then the joint state
ρ = p0|ψ0〉〈ψ0| ⊗ ρ0 + p1|ψ1〉〈ψ1| ⊗ ρ1 (E8)
has zero discord for Alice, the correct Bloch vector for
Alice and the correct ellipsoid for Bob. If necessary swap-
ping ρ0 and ρ1, it also has the right Bloch vector for Bob.
Bob’s ellipsoid EB is invariant under local unitaries on Al-
ice’s qubit, so Alice and Bob’s actual state is therefore
equivalent to ρ up to this transformation, which preserves
discord.
Appendix F: Volume formula for the steering
ellipsoid
The volume V of any ellipsoid is proportional to the
product of its semiaxes: V = 4pi3 s1s2s3. Therefore the
ellipsoid EA has volume VA = 4pi3
√
detQA, where QA
is the matrix whose eigenvalues are the squares of the
semiaxes, equation (2) in the main text. Working out
the determinant of QA gives the volume terms of the
components of the state ρ
VA =
4pi
3
∣∣det(T − abT )∣∣
(1− b2)2 (F1)
=
4pi
3
|det Θ|
(1− b2)2 (F2)
where in the second line we have used the fact that
det(T − abT ) = detΘ.
To express this in terms of the density matrix ρ, we
use the equation [9]
Θ = 2ΥρRΥT (F3)
where the unitary matrix Υ is given in equation
(A2) and R denotes a reshuffling operation: if ρ =∑1
i,j=0 ρij;kl|ij〉〈kl| then ρR =
∑1
i,j=0 ρik;jl|ij〉〈kl|. We
also require a curious relation that holds for any 4×4 or
9×9 matrix M :
detM = detMTB − det(MTB )R. (F4)
Consider what happens to Θ as ρ→ ρTB . The basis of Θ
is {σµ ⊗ σν}, with µ, ν = 0, 1, 2, 3. The partial transpose
on B changes the sign of σ2, i.e. the TB operation sends
the components Θµ2 → −Θµ2, this can be expressed as
Θ → ΘΩ, where Ω = diag(1, 1,−1, 1). Using this, and
the inverted version of equation (F3), ρR = 12Υ
†ΘΥ∗, it
follows that (
ρTB
)R
=
1
2
Υ†ΘΩΥ∗ (F5)
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and so
det
(
ρTB
)R
=
1
24
(det Υ∗)2 det Θ det Ω (F6)
=
1
24
det Θ (F7)
since det Υ = i and det Ω = −1. Inserting this into equa-
tion (F4) with M = ρ we discover the relation between
the determinants
det Θ = 16(det ρTB − det ρ) (F8)
This can now be substituted into the volume equation
(F1) to yield the volume of EA in terms of the state ρ as
VA =
64pi
3
∣∣det ρTB − det ρ∣∣
(1− b2)2 . (F9)
The volume for ellipsoid B
VB ∝
√
detQB =
∣∣det(TT − baT )∣∣
(1− a2)2 ,
but det(TT − baT ) = det ΘT = det Θ hence
VB =
(1−b2)2
(1−a2)2VA.
Appendix G: The steering ellipsoid zoo
In this section we illustrate the main types of ellipsoid.
1. Entangled states
For every pure entangled state the ellipsoid coincides
with the Bloch sphere. When the state is mixed and
entangled, the ellipsoid does not satisfy the tetrahedral
condition because, loosely speaking, the ellipsoid is either
too big (with volume V ≥ V?, where V? is the largest sep-
arable volume 4pi/81) or too near (large c) to the surface
of the Bloch sphere, see figure 5. Every entangled state
is completely steerable.
FIG. 5. A generic entangled state ρ: both ellipsoids EA and
EB are always full rank and neither can be inscribed within a
tetrahedron within the Bloch sphere.
2. Separable states with full-dimensional ellipsoids
Separable states admit a convex decomposition in
terms of product states, and have “more classical" cor-
relations. Steering is still possible, however the steering
ellipsoids necessarily obey the tetrahedral condition, as
in figure 6.
If the state has a three dimensional EA then it has
non-zero obesity and non-zero discord, and furthermore,
it can be written as a mixture of just four product states.
Such states are also completely steerable.
FIG. 6. A generic separable state ρ, where both ellipsoids EA
and EB are full rank and fit inside a tetrahedron.
FIG. 7. A Bell-diagonal state: the ellipsoid is centred at the
origin and its semiaxes are given by the three singular values
of T . The vector of these singular values t = (t1, t2, t3) lives in
a tetrahedron with vertices at (1,1,-1),(1,-1,1),(-1,1,1),(-1,-1,-
1), and when it is inside an octahedron inside of this tetrahe-
dron, then the state is necessarily separable. This defines the
set of ellipsoids that fit inside the nested tetrahedron (these
are not the same tetrahedra).
FIG. 8. A Werner state. The steering ellipsoid EA is a sphere
centred at the origin. The ellipsoid fits inside a tetrahedron
when its radius is less than 1
3
and thus the state is separable.
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3. Steering pancakes
The set of states that Bob can steer Alice to may be-
come degenerate, and form a two-dimensional set. This
“steering pancake" will not only fit inside a tetrahedron,
but will fit within a triangle that is inscribed within the
Bloch sphere as shown in 9. Recall that we have a novel
FIG. 9. A generic separable state ρ, where both ellipsoids EA
and EB are steering pancakes.
feature for some steering pancakes (and steering needles)
of incomplete steering. For steering pancakes we have
complete steering of qubit A if and only if the affine span
of EB contains the origin of the Bloch sphere.
4. Steering needles
The steering can become even more degenerate, and
the steering set collapses to a one-dimensional line seg-
ment, or “steering needle". These states include per-
fectly classical (doubly zero-discord states) with needles
being radial (figure 10), but also includes non-zero dis-
cord states for which either one or both of the steering
needles EA and EB is not radial (figure 11). Being radial
is indicated by dashed lines on the figures, which depict
diameters.
FIG. 10. A doubly zero discord state, where both EA and EB
are radial line segments.
Appendix H: Beyond two qubits: Extensions to
higher dimensional quantum systems
It is relatively straightforward to outline which aspects
of our work naturally generalise beyond the two qubit
case, and also where new directions lie. There are many
interesting open questions in this regard, and the two
FIG. 11. A state with zero discord at B, but non-zero discord
at A. We have EB being a radial line segment, but EA is not
a radial line segment.
simplest scenarios to consider are (a) when Alice holds
a d > 2 dimensional quantum system, and (b) when we
have a system of N qubits distributed in space and in
some large entangled multipartite state. We briefly con-
sider each case in turn.
1. d× 2 systems
If Alice has a d-dimensional system (with d > 2) while
Bob possesses a qubit, then the set of states that Bob
can steer Alice to will still form an ellipsoid. This can be
seen since the derivation in section A easily extends to
accommodate this scenario. However, now the ellipsoid is
embedded in the space of qudit “Bloch” vectors at Alice’s
side, which has d2 − 1 real dimensions. This is a much
more intricate structure than the Bloch sphere, see for
example [25]. Our results fall into three categories.
Firstly, some of our results and their proofs carry over
straightforwardly to this setting: the embedded ellipsoid
and local Bloch vectors will still suffice as a faithful rep-
resentation of the bipartite density matrix as we are still
able to reconstruct the state up to a choice of basis for
Bob. Furthermore, fitting inside a tetrahedron inside the
qudit state space will still suffice for the state to be sep-
arable.
Secondly, some of our results carry over with only slight
modification, for example states that have zero discord
for Alice would correspond to ellipses inside a triangle
whose vertices are orthogonal states for d = 3, and el-
lipsoids inside a tetrahedron with vertices on orthogonal
states for d = 4.
For some of our results, the third category, the sit-
uation is unclear and it is here that perhaps the most
interesting features are to be found. For instance the
necessity of fitting inside a tetrahedron for separability
followed simply from the fact that any two-qubit separa-
ble state can be written using at most four product states
[13]. However,for the case of 3× 2 dimensional separable
states, it is known that this can require as many as 6
pure product states [26], to the best of our knowledge it
is an open question how few product states are required
if mixed states can be used. This question has an inter-
esting geometric aspect as motivated from the steering
ellipsoid perspective.
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In addition, several of our results are based on the
PPT criterion, and so may extend to d = 3, where the
criterion is still necessary and sufficient, and may admit
application to the set of PPT states for d > 3, where it
is now a strict superset of the separable states.
2. 2× 2× 2 · · · 2 systems
Another natural extension of our work is to a multipar-
tite system composed of entangled qubits. At the sim-
plest level, given such a multipartite qubit state, we can
consider the steering ellipsoid for any party to steer any
other, however due to monogamy of entanglement there
are non-trivial constraints amongst the geometric data
for any pair of qubits. In some forth-coming work, this
has been made precise in terms of “monogamy of steer-
ing” relations [27], which in turn have provided a sim-
ple derivation of the Coffman-Kundu-Wootters inequal-
ity, and elegant geometric connections between concur-
rence and maximal volume ellipsoids for a fixed center.
Another direction of interest is motivated by a the-
orem of Petz, which states that a tripartite quantum
state ρABC , for which the conditional mutual informa-
tion obeys I(A : C|B) = 0, can be decomposed as
ρABC = ρ
1/2
BCρ
−1/2
B ρABρ
−1/2
B ρ
1/2
BC . Note that the mid-
dle term on the right-hand side is precisely the canonical
state ρ˜AB , and so it would be of interest to formulate this
relation in terms of ellipsoids, especially since the Petz
relation admits generalization to the decomposition of
multipartite systems in terms of bipartite entanglement.
Such an analysis in terms of the geometry of steering
could potentially be a valuable tool in the study of en-
tanglement in multipartite mixed states.
More broadly, our work on the relations between the
various geometric data may also be an intuitive way to
study the compatibility of bipartite reduced states with
an overall multipartite quantum state (an instance of the
“quantum marginal problem”).
